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Anticrossings In Brster Coupled Quantum Dots

Ahsan Nazir, Brendon W. Lovett, Sean D. Barrett, John H. Reamd G. Andrew D. Briggs

Abstract—We consider two coupled generic quantum dots, in a similar formulation. Thus, the results reported here loa
each modelled by a simple potential which is given by infinite expected to apply not only to quantum dot systems, but also

parabolic potential wells in all three (z-, y-, 2-) dimensions. 4 5 wide range of nanostructures where Forster processes a
This potential profile allows the derivation of an analyticd . e
of primary significance.

expression for the inter-dot Forster coupling, in the dipole-dipole
approximation. We investigate the energy level behaviour fothis In this paper, we consider two coupled generic quantum
coupled two-dot system under the influence of an external agied  dots, each modelled by a simple potential which is given by
electric field and predict the presence of anticrossings inhe jnfinite parabolic wells in all threeaf, y-, z-) dimensions.
optical spectra due to the forster interaction. This potential profile allows an analytical expression floe t
Index Terms—Excitons, Quantum Dots, Quantum Computa- inter-dot Forster coupling in the dipole-dipole approation

tion, Anticrossings, Resonant Energy Transfer to be derived and, although it only allows for qualitative
predictions about real observations, it has been widelg use
. INTRODUCTION in the literature [1], [9], [10], [11]. Excitations of eaclotare

XCITONS (electron-hole bound states) within quanturﬁssumed to be produced optically and we neglect tL_mneIIing
E dots have already attracted much interest in the field Bff€cts between the two coupled dots. We shall consider only
quantum computation and have formed the basis of sevelf¥f ground state (no exciton) and first excited state (one
proposals for quantum logic gates. For example in Ref. [ﬂ,xc[ton) Wlthln our model, and_ these two states define our
the energy shift due to the exciton-exciton dipole intecact dubit basis as0) and|1) respectively.
between two quantum dots is considered. This interactionVarious techniques exist for growing quantum dots in the
gives rise to diagonal terms in the interaction Hamiltonialgboratory, of which the Stranski-Krastanow method [12],
and hence it is proposed that quantum logic may be perforndddl is possibly the most promising for the realization of a
via ultra-fast laser pulses. However, excitons within eejg controllably coupled many dot system. In this growth mode
guantum dots are also able to interact through their reson@nsemiconductor is grown on a substrate which is made
(Forster) energy transfer [2], some evidence for which h&é a different semiconductor, leading to a lattice mismatch
been obtained experimentally in a range of systems [3], [2(]’etween the layers. Under certain growth conditions, dwts f
[5], [6]. As is shown below, this resonant transfer of energ§Pontaneously due to the competing energy considerations o
gives rise to off-diagonal Hamiltonian matrix elements an@ot surface area, strain, and volume. Interestingly, if acep
therefore to a naturally entangling quantum evolution.sit jayer of material is then grown above the first dot layer,
proposed here that this interaction may be observed in2@d then a second dot layer deposited, a vertically coettlat
straightforward way, through the observation of anticirgs arrangement of dots can be made [14]. Two such stacked
induced in the coupled dot energy spectra by the applicatiffts could then form our interacting two qubit system with
of an external static electric field. We also show that the offfaterials, growth conditions, and spacer layer size tdlor
diagonal matrix elements can be made sufficiently large to i give suitable electronic properties and inter-dot Cobo
of interest for excitonic quantum computation [7]. Interactions.

The first studies of Forster resonant energy transfer were

performed in the context of the sensitized luminescence of
solids [2], [8]. Here, an excited sensitizer atom can trang$
excitation to a neighbouring acceptor atom, via an inteiiated A. Single Particle States
virtual photon. This same mechanism has also been shown tg . .
be responsible for exciton transfer between quantum ddts [4 Many varying approaches to the calculation of eI_ectron and
and within molecular systems [5] and biosystems [6] (as le states in quantum dots have been put forward in Refs. [9]

mechanism for photosynthesis), all of which may be treath ]'_ [15]'_[16]' [17], [18], the ghoice OT which d_epend_s on
the final aim of the work. The aim here is to provide a simple

This work has been submitted to the IEEE for possible puitina jllystration of how to observe resonant energy transfewben

co Tgﬂggﬁ mhay be transferred without nofice, after whicfs tersion My g antum dots experimentally, and how to exploit this inter-
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Il. THE QUANTUM DOT MODEL



may be written as: energies of the system under consideration and whether the
particle is an electron or hole.

2
H6)6:06) = | -5 () V00| te) = Bt
' (1) B. Excitons and Coulomb Integrals
wherei = e, h for electron or holeV;(r) is the dot confine-  The excitation of an electron from a valence band state to
ment potential which accounts for the difference in bangsgaa conduction band state leaves a hole in the valence band.
across the heterostructure, ang is the effective mass of The electron and hole are oppositely charged and may form a
particle i. Here, ¢;(r) is the envelope function part of thepound state, the exciton, and as stated earlier we consider t

total wavefunction: absence or presence of a ground state exciton within a dot to
form our qubit basis|() and|1) respectively). Therefore, for
i(r) = ¢;(r)U;(r). 2 . . . o
vilr) = 9u(r)Ui(r) @ excitons, we must consider an electron-hole pair Hamitoni
The envelope function describes the slowly varying contrib 9

tion to the change in wavefunction amplitude over the dot H = H,+ H; — c

region and the physical properties of the single particiest
can be derived purely from this contributidii,(r) is called the where H. and H;, are given by [(l1) with the appropriate
Bloch function and has the periodicity of the atomic lattite effective masses and potentialE?*? is the semiconductor
consideration is vital when describing the interactionsveen band-gap energy, andre — ry,) is the background dielectric
two or more particles. constant of the semiconductor. We shall consider the sishple
In the simple analytical model, a separable potential corease ofe(re — rn) = €o€,, i.€. the relative permittivitye,
prising infinite parabolic wells in all three dimensions iep is independent ofre — ry). The intra-dot energy shift due

L B (7
4me(re — rh)|re — I'n| (7)

sents the quantum dét: to the Coulomb termH,;, = e?/4mepe,|re — il is @ small
1 1 1 contribution to the total energy and we treat it as a firseord
T,Y,2) = 5Cia” + SCiyY” + 5Ci 227, perturbation.
V(z,y,2) = 5ei00” + 500" + 5622, (3) perturbat

We construct an antisymmetric wavefunction representing a

where the frequency; ; = \/c;;/m* for j = z,y, 2. Hence, sjngle exciton state given by:
the Schroddinger equatiolll (1) is also separable and prsvide

simple product solutions for the electron and hole statés. T U1 = Ay, (r1,01),¥m(ra, 02)], (8)

envelope functions are therefore given by: wherer ando are position (from the centre of the dot) and spin

Gi(r) = &iw(@)Eiy (1)&iz (2), (4) Vvariables respective_lyz, andm label the quantum states, aAd
denotes overall antisymmetry. Here, one electigrir,, o1)
for the parabolic confinemelt = (z,y, z)). We now drop the has peen promoted from the valence band into a conduction
subscripti but remember that due to their differing effectiveyang state whilst),, (r2, o) represents a state in the valence
masses electrons and holes may take different values for figd. Taking the Coulomb matrix element between the initial

constants defined throughout this paper. state¥; above and an identical stater (in effect coupling
The solutions to the one-dimensional Schrodinger equatign electon and hole via the Coulomb operator) leads to two
for the potential form[{8) are given by: terms [21], [22], the direct term:
1 1/2 x z? , e? 1
n — el _r MDzrect _ 1% /
5 (‘T) (n'Q”dmﬁ) Hn (dz) exp ( 2d%) ) (5) IF 47T606T //7/’71 (rl)wn(rl) |I‘1 . I‘2|
in the z- direction with analogous expressions fgrand z. Xy, (r2) Y, (r2)dridrs, 9)

The constant» = (0,1,2,3,...) labels the quantum state, 5nq the exchange term:
with energy E, = (n + 1/2)hw,, the H,’s are Hermite

. ——\1/2 . 2 . 1
polynomials, .anddm = (.h/\/m cm) = (h/(m L.uz))l/Q. MEzh = i4 © //1/); (rl)wm(rl)f
We are only interested in the ground state solutions of each TEOGT r1 — 12|
well so our envelope function is given by: x 1y, (r2)ty, (r2)dridrs. (10)
1 1/2 22 The sign of the exchange term is determined by the symmetry
oz, y,2) = (m) exp <—ﬁ) of the spin state of the two particles; triplet spin stategegi
xUytz T

9 9 positive exchange elements whereas singlet spin states giv
Y z i

X exp <__2> exp <__2> ) (6) negative values. We shall now show how to calculate the

2d; 2d3 direct electron-hole Coulomb matrix element on a single dot

with energyEy = 1h(w, +w, +w.). The choice of constants wheren andm are both taken as ground states. The exchange

¢; and hencel; will be different for changing confinementinteraction is much smaller [21] and we shall not consider it

potentials and particle masses, and so will depend upon hfre. o ) ] _ B

If we consider identical potential wells in all three diriects
_ 1W|'th this choice _of potential we are able to model both theveoient then we can use the spherical symmetry of the system to derive
situation of a spherically symmetric quantum dot, and theemmmmon Ivtical ion for the di Coul b ix &
situation in self-assembled dots of stronger confinemerthén growth §) an analytical expression for the direct Coulomb matrix e&iam

direction than in ther, y plane. which we callM,;,. For identical wells in all three dimensions



(dy = dy = d. = d), @) may be written in spherical polarz replaced byz". The simplicity of the change in envelope

coordinates as: function with applied electric field is a great advantagehsf t
1 \3/2 2 parabolic well model, although it should be pointed out that
p(r) = —= pl——== (11) this same simplicity implies that the charges can contirage s
dy/m 2d?

arating indefinitely with applied field strength and is tHere
Substituting into[{P) leads to: unrealistic at very high fields.

2 1 3 1 3 2 Again, in spherical polar coordinates, the envelope fuomsti
My, = ( ) ( exp [ —= in the presence of a field may be written as:
dmepe, \ der/T dp/7 d?

2 3/2 N
_r 1 1 (r —keF/c.)?
: exP( di) [T 2 sr) = ( T ﬁ) exp <_ 22 (19)

where we have assumed that the contribution of the Bloch
functionsU (r) may be neglected. We now expregdr, —rp| for electrons, and:
in terms of Legendre polynomials as [23]: 3/ oF o2

L3 (2) P(cosh), forry >ry bn(r) = ( ! ) exp —w (20)

1 ry £el=0\r, ’ dp/m 2dh

[t —ra] ) 1oy . -
rs 2ui=olr;) Palcosf), forry <ra. (13) for holes, wherek is the unit vector in the:-direction. This

Substituting this into[[dI2) and integrating over polar asgl time, substituting into[{9) leads to:

leads to:

2 3 3 poo 2 eh = xp | —— | exp ( ——
Meh_47re< 1 ) < 1 >/ exp( T1>7’%d7’1 d? 1 d;
0

€0€r \ der/T dp/7 _d_z
"l 7’% 2
X o exp |~y r50ry
i~ . o0 where
2
+ \/rjl E exp <—@) T%dTQ}, (14) 62 ( 1 )3 < 1 >3
¢ d

x exp (riacos ) T
1 -T2

where use has been made of the orthogonality relations of Ameoe, Ve dn/T
Legendre polynomials. The integrations are now simple and (eF)? (1 1\’
give us the following expression fa¥/,: X exp | — & (C_e + a) ’ (22)
1 e? 1
Mep, = 372 5 (15) and
2t & +d 2F (1 1
In a similar manner, we may also approximate the behaviour @ = d—ﬁ (C_e + a) . (23)

of M, in the presence of an external electric field. For a

constant field applied to the dot, the potential in the field diVe proceed as before, again making use of Legendre polyno-
rection (for simplicity sayz, although the spherical symmetrymials and their orthogonality relations, and integraterave

we assume means all three directions are equivalent) besconte leave

V(z) — V(z) + qFz, (16) Mo — 215/20d3 /exp (_:l_z) o (2_1>
Where ¢ = —e for conduction band electrong, = +e for « e h
holes, andF is the electric field strength. Substituting this X [exp (rior) — exp (—r1)] dry. (24)

into the Schroddinger equation for thecomponent leads us

. . ; B
to a new Schradinger equation that has the same parabofie’ @ < 1/de (valid up to fields of or;ieﬂo Vim for c. =
potential form: cn, = 0.00641 J/n?, d. = 2.627 x 10~ m), we expand the

o exponentials ina up to the term ina® and integrate over
F e o) = E'o(2) 17) r1. Keeping only the terms up té“ order in the resultant

C2m* 922 2 expressions gives us an estimate for the suppression of the
with electron-hole binding energy as an external field is applied

zl =z—eF/ce, for electrons, )

(&

Meh =
2y =z +eF/ch,, for holes, (18) 2m3/2epe,/d2 + d5
e2F? 1)

E!=FE+ (eF)*/2¢;, i=c¢e,h. X [ 3@+ &) (Ce + Ch) ; (25)

Therefore, electrons and holes are displaced in opposite di
rections and their envelope functions are the samglas (B) wivhich reduces to[{15) af' = 0.



[1l. A SIGNATURE OF FORSTERCOUPLED QUANTUM

Dots
A. The Hamiltonian
. . . r
We have now characterized the single particle electron and \ r,
hole states within a simple quantum dot model, as well as ac
. - . R
counting for the binding energy due to electron-hole coxpli Dot I
within a dot when estimating the ground state exciton energy Dot II

In this section we shall consider excitons in two coupled
guantum dots and the Coulomb interactions between them.
More specifically, we shall derive an analytical expressam
the strength of the inter-dot Forster coupling. We shativgh
that this coupling is, under certain conditions, of dipdlpele
type [2], [8] and that it is responsible for resonant excito
exchange between adjacent quantum dots. This is a tran

of e””ergY only, nfot a tunnelling e_sze%t.h iitoni ; The matrix element we require is that of the Coulomb oper-
Following Ref. [7] W?j write ; e Hami tqnlanl bo ator between two single exciton wavefunctions, one located
two interacting quantum dots in the computational Dasig, ) of the two dots. We take our initial state as represgntin

{100),]01),[10),[11)} as @ = 1): a conduction band state in dot I, and a valence band state in

Fig. 1. Schematic diagram of the interacting two-dot system

e begin by calculating the form of the matrix element in the
ff)role-dipole approximation.

wo 0 0 0 dot II:
i 0 wo+ws Ve 0 Uy :AW;(rl,Ul)ﬂ/)m(rz,Uz)]- (28)
8 ‘(/)F wo "5 w1 0 v For our final state, we must have a valence band state in dot
Wo +wi + w2 + Vxx (56) ' @nd a conduction band state in dot II, given by:
where the off-diagonal Forster interaction is giveniy, and Up = An(re,01), ), (r2,02)] . (29)

the direct Coulomb binding energy between the two excitons, » i

one on each dot, is on the diagonal and givervky [1], [21]. The positionsr; andr, are now def|r_1ed from the centres of
The ground state energy is denotedday andAw = w; — ws dot | anq dot I_I respectively (see F_| 1), and not from the
is the difference between the excitation energy for dot | arg@me point as ir{8) where only a single dot was considered.
that for dot II. The energies and eigenstates of this fouelle NOt€ that the time ordering of; and ¥ is irrelevant since, as

system are given by: idsers(;:\:iat;(;?bilg Sectidn[HA, the resonant energy transfecess
Ego = wo, [Woo) = [00) Therefore, the direct Coulomb matrix element between these

E_=wy+w — 82(1+A4), |U_)=a1|10) — as|01) two states gives us
Ey=wo+w —82(1—A), |Vy)=ai]01)+ as[10) .

2
1
F11 = wo + wi + wo + Vxx, WUip) = |11), Vi = — rx n
11 0 1 2 XX |Wi1) = [11) 27) F 47T€06T//1/)n (r1) (r1)|R+r1—r2|

where A = /1+4(Vr/Aw)?, a1 = /(A —1)/24, and X by (r2)), (r2)dridra, (30)
as = sgn(VrAw) /(A +1)/2A for |[Aw| > 0. We can see
that V= may cause a mixing of the statfsl) and |10) with
the result that? _) and|¥ ) can now be entangled states. |
is straightforward to see that an off-diagonal Forsterptiog
does indeed correspond to a resonant transfer of energy if
begin in the stat¢10) (exciton on dot I, no exciton on dot II)
this will naturally evolve to a stat®1) (no exciton on dot I,
exciton on dot Il), in a time given by/(2Vr), through the Vo — e? 3 )(L
1

where we have explicitly included the inter-dot separaion
or |R| > |r1—r2|, which is valid so long as the characteristic
izes of the wavefunctiond,, are small in comparison {® |,
we can follow the procedure of Dexter [8] and expand the
Eoulomb operator in powers ¢f;,2/R) up to second order.
Taking the matrix element betwedn and ¥y leads to:

maximally entangled stat&~'/2 (|10) + i|01)). An analogous  dmee, R? (re) - {ru) - ﬁ«n) ‘R)((ru) - R
behaviour is expected for the initial stgts).

We assume the dots are sufficiently separated for there to
be no overlap of envelope functions between dot | and dot

Il. Therefore, we do not consider the exchange term of this
We shall now calculate the magnitude of the off-diagon@oulomb interaction. The integrals:

matrix elements in[{26) for the parabolic potential modet W

B. Analytical Models of the @rster Interaction

shall see that the behaviour of the Forster interaction due (rr) = [ ¥y (r1)r1n (ry)dry,
to changes in dot size, composition, separation, and applie . , (32)
electric fields may be predicted by such an analytical model. (ru) = [ 7, (r2)ra¢y, (r2)dra,

) are taken between an electron and hole ground state centered
If the electron and hole are strongly bound, so that they dotumnel

separately, a tunnelling between the two dots will simplyd s small on dot | .and dot Il respeCt'Vely- Remembe”ng that our
correction to the off-diagonal elements in the interactiéamiltonian. wavefunctions are a product of an envelope functi¢r) and



a Bloch functionU(r) we can make use of their different

periodicities to write [21]: 0.78
1

Ve = R E—— O10n {dcva) “dey( 0.775¢

3 I

— 72 [devn - R)(devain - R)]- (33) 0.7

The overlap integrals are defined as: 0.765F
O

0= Pe(r)dp (r)dr, (34) 0.76/

space

with Oy 11 referring to the overlap of the envelope functions ¢ 7s5;
for dot | or dot Il respectively (each having a maximum value

of unity), and the inter-band dipole matrix elements arerbefi 075t
as:
dey = 6/ Ue(r)rUp(r)dr, (35) 0.745 : :
cell 0 5 10 15
. : " . Field (V/ ¥
with d.,(1/11) referring to the transition dipole for dot | or dot eld (Vim) x10
Il respectlvely. Fig. 2. Dependence of the overlap integral of a single pdi@goantum dot

We shall not calculate the values @f., here as they as a function of the in-planer( direction) electric field strength. Suppression
are Commomy measured experimental quantities (see apkdhe Forster interaction results from the reduction iectbon-hole overlap

. . _for increasing fields. A 500 meV potential at= 5 nm from the dot centre
Ref. [21] for a S|mple mOdel) and, once the dot mate”algr both electrons and holes is used, giving= 0.00641 J/im2.

have been chosen, are constant contributions to the Forste
interaction strength. However, the calculation(®f; is vital

in determining the effects of dot size, shape, and app”%erefore, in zero applied field the overlap depends only on

electric fields on the strength of the inter-dot interaction the ratio(2d€dh/(d§ N d,%))3/2. It is worth noting that if we

We take the parabolic solutions in Cartesian coordma’Fﬁgd chosen an infinite square well potential in the growdh (

from @) and also include the effect of a lateral electrlg. . : . L .
) S . . irection and parabolic wells in the- and y-directions (as is
field, which is important in determining how to suppress the

interaction when required, or bring two non-identical dats common in the literature [9]) then the zero field value would

2 4 g2 i i i
resonance. As before, we shall assume that the electric fi%@iiﬁ’é/;ieiahg)) with the field dependence being exactly

only affects the envelope function part of the wavefunction
y P P G Fig. [@ shows the suppression of the overlap integrals by

this is valid in the regime where the electric field never " o L
becomes so large that the envelope function varies on @3 in-plane eleciric fieldst direction) and therefore the sup-

unit cell scale. This is equivalent to saying that the erpelo presgor;]of the Forst_er mﬁragﬂon itself. Irowevgr, asbslmll .
functions can be decomposed into a superposition of crysfgfe In the next section, this does not rule out its observatio

momentum k) eigenstates near the band edges, where tn{[pecoupled dot systems that are tuned into resonance with
Bloch functions are approximately independentof an external applied field. Indeed, if the inter-dot intei@ct

For a constant field in the lateral direction (say the matrix e_zlemenj[ s re_Iativer Iar_ge in zero applied field,r_the
overlap integral®); ; are straightforward to calculate. Again'|nterest|ng anticrossing behaviour should be observedhén t

for clarity, we take identical wells in all three directiofsr energy spectrum as the system is tuned through resonance. We
both electrons and holes,(= d, — d. — d), leading to also note that a suppressed Forster coupling can be of benefi
- Yy z )

to the exciton-exciton dipole interaction quantum compata

1 3/2 (x —eF/ce)? schemes [1] as it ensures an almost purely diagonal interact
Pe(r) = <deﬁ> exp (‘T) between adjacent quantum dots.
(y2 + 22) ‘ Taking measured values for the transition dipole moment
X exp (_T> ; (36) d., allows us to estimate the magnitude 6f between two
€ stacked dots. In CdSe quantum dots a valuelfgrof up to5.2
for electrons, and eA has been reported [4] whilst for both InGaAs/GaAs and
1 3/2 (@ + eF/cp)? InAs/InGaAs quantum dots values of approximatély eA
on(r) = < > e (— 5 ) have been measured [24], [25]. Considering (33) with a value
dnv/m 2dj, of 6 €A for d.,, overlap integral®; = O;; = 1, ¢, = 12 (for

X exp (_(92 +22)) ’ (37) InGaA_s/GaAs), and inter-dot spacing = 5 nm, we obtain
2d3 an estimate 06.69 meV for the Forster coupling energdi,
for holes. Substituting intd84) and integrating resutts i certainly large enough to be observed exp_erimentglly. This
corresponds to a resonant energy transfer time of picosecon
0= < 2dcdp, >3/2 {_eQFQ(ce +Ch)2} (38) order and is therefore interesting as a coupling mechanism
&2+ a3 2c2c2(d2 +d?) | for performing quantum logic gates, as it is well within the
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Fig. 3. (a) Single dot energies as a function of applied gtefield. Parametersn? = 0.04mg, mj = 0.45mo, e» = 12, c; = 0.00641 Jim? (corresponding
to a potential of 500 meV at a distance of 5nm from the dot e@rfor dot |, for both electrons and holes, and = 0.0256 Jim? (corresponding to a
potential of 500 meV at a distance of 2.5 nm from the dot céritredot II, for both electrons and hole&94? is taken as 1.2 eV for dot | and 0.681 eV for
dot Il. (b) EnergiesE_ and E, of the coupled dot system demonstrating anticrossing atich dfeapproximately8 x 106 V/m. Here, Vi has a magnitude
of 0.29 meV at zero field, withle, = 5 €A.

nanosecond dephasing times [26], [27], [28] expected fetatic external electric field. By taking the dots througk th
excitons within quantum dots (see Sectibnl IV for furtheresonance, an anticrossing of the energy levels should be ob
discussion). servable through photoluminescence measurements. Hgweve
In the next section we shall discuss a signature of the &brsthe transition from the antisymmetric state to the groumadest
interaction that would be observable through photolumines not dipole allowed on resonance and should also display a

cence measurements. characteristic loss of intensity close to the resonant itimmd
From [I8) we see that an external field reduces the energy
C. Anticrossings: A Signature ofdister Coupling E for both electrons and holes, with the shift being greater

If we consider again[{27) we can see tit ) and | ) fc_)r .bigger do_ts. We therefore .consider two c.ouple(.j dots of
have a range of forms depending upon the values;ofnd S|m|_lar material, with one of shgh_tly greater dimensiongla
ay. For example, ifAw > Vi, then A ~ 1 which leads having a larger band-gap, and in Fid. 3(a) show that the
to |a1| ~ 0 and |as| ~ 1. Therefore the statesV_) and single dot energy I_evels cross (for our_cho_lce _of param)aters
|W,) are given by|01) and|10) respectively and there is no@S an electric field is applied. Such a situation is pIgusﬁbﬂe_
mixing of the computational basis states. The only way fYStéms such as InGaAs where dot layers of varying Indium
couple two dots in this case is via the diagonal interactigr. content, and hence varying band-gap, may be grown [29] (see
However, for two dots coupled by at resonanceXw = 0) also Sectior IV below). Diagonalising the Hamiltonidnl(26)

we can see fronf{27) and by usidg= \/(Aw? + 4V2)/Aw? 8S the field strengthF" varies gives us a model prediction
that |a1| = |az| = 1/v2, Elower = wo + w1 — |‘F/F|, and for the behaviour of the energy levels and £, as shown

Ehigher = wo + w1 + |Vi|. Furthermore, the two eigenstated! Fig.!}i(b), where an anticrossing is observed at a field of

2-1/2(|01) +[10)) and2~1/2(]10) — |01)) are both maximally approxmatelys x 108 V/m. Npte thatw;, we, and Vi are

entangled and separated in energy2. all functions of F' as shown in IZZI]8_) a_ndIB8) respectively,
Interestingly, we should be able to move between the$&lich gives us a large scope for finding parameter regimes

two cases by bringing two initially non-resonant coupletyith interesting behaviour.

dots into resonance, for example by the application of aAn analytical expression for the field strength at resonance




can be calculated from the conditidtw = 0. The total energy applied field than a smaller one. However, all other pararaete

of each dot is given by: being equal, a larger dot also has slightly lower energy ai ze
field (which is not the case in Fifgll 3). Therefore we need a way
E=F9% + — (, / ] — ) «n, (39) of increasing the initial energy of the larger dot relatigethie
smaller one. This could be realised by using layers of dffier

for identical potential weIIs in all directions for both eteons materials (or material concentrations) to alter the baag-g

and holes ¢, = ¢, = ¢, = ¢). When dot | and dot Il are within each dot; however, other methods such as exploiting

resonant: different dot geometries or applying a local strain shousb a
be explored. Nitride quantum dots offer a promising appioac

By — En=0 since the strong piezoelectric field allows the externatlftel
— (B — By 4 3h Ja ( 1 n 1 ) shift the energy levels towards each other. _

2 vmE m; We have also shown that it should be possible to engineer
nanostructures such that the off-diagonal Forster intema

o (L + 1 )] between a pair of quantum dots is of the required strength

Vmg \/m_?l to make it interesting for quantum computation. Once a

5 [ 1 1 measurement of this coupling strength is made, the nextabgi
—(eF) (C_I - C_n> = Men, + Menyy, (40) step is to attempt to controllably entangle the excitonédest
of two interacting dots, leading on to a demonstration of
a simple quantum logic gate such as the controlled-NOT
s 1 (B — 9P (CNOT). Although on resonance the two qubit staies)
T Be2 I and |10) naturally evolve into maximally entangled states
after a timer/(4Vr) their initialization requires the inter-dot

3h interaction to be suppressed, and in general the genermaition
—_ (\/CI v/ CI1 ) — — . ’ . . . .
2 [

therefore:

a logic gate such as the CNOT requires single qubit operation
on both dots, as well as a controlled interaction.
1 — 1 By switching to a pseudo-spin description of our excitonic
(d2, + d}‘;I)”Q (d2, + dhn)l/Q qubit we can immediately consider a previously known oper-
(41) ation sequence (for example from NMR) for the realization of
a CNOT gate. Defining 7,) = |0) and| |.) = |1), we can
see from[(ZB) that the off-diagonal terms can be expressed as

e2

2m3/2¢qe,

where:

12 1 1 Ve
Tal| 3m3/2¢p€, (d2, + dl211)3/2 o Hp = D) (02, 0ay + 0y, 0y,) 5 (43)

1 2¢2 1 1 with .
—_ 1= , (42 0 1 0 —
c [ 313/ 2¢ge, (A2 + d I)3/2 CH‘| (42) Oy = ( 1 o > and o, = ( i 0 > , (44)

€11

and the stategl _) and|¥ ) should be maximally entangledbeing two of the Pauli spin matrices. TIX¥ type Hamiltonian

at this value ofF’ (= 8.04 x 106 V/m with the same parametershas been studied in the literature for various systems [30],
as for Fig.[B), with an energy separation equal2id- as [31] and if the two interacting qubits are left for a tinie=
stated earlier. Clearly, the anticrossing shown in Elg) 3b 7/(2Vx) solely under its influence then an iISWAP gate will
an extremely strong indication of Forster coupling betviiee  be executed [32]:
two dots, and also a first indication that entangled states ar

being produced.

iISWAP = , (45)

o O O
O = O O
O O = O
— O O O

IV. FURTHERWORK AND CONCLUSIONS

The experimental observation through photolumlnescence
of an anticrossing of the type above would be a tremendo
result, and although it could be a difficult experiment to
perform, it may well yield quicker results than attempting -

coherent control experiments on coupled dot systems. umdut CNOT = (5) (_) (_f) (ISWAP) (g)

the basis{|00),|01),|10),|11)}. Two ISWAP operations
ay be concatenated with single qubit operations to form the
more familiar CNOT gate:

we intend to extend this work to include a study of the intgnsi 2 272

of emitted light expected from the statek_) and|¥ ) and x (ISWAP) (Z) , (46)
the effects of the finite linewidth that would be observed due 2/ %

to T} (recombination) and’ (dephasing) processes. Where(i7r/2)gc/zl/2 are single pseudo-spin rotations-bfr /2

The main question here is how feasible is it to bring twabout thex/z axis of spin 1/2 respectively. Schuch and
dots into resonance via a static external electric field. &s hSiewert [32] have also shown that the CNOT and SWAP
been mentioned above, and can been seen ildFig. 3(a), a lagperations may be combined when using i interaction
dot experiences a larger shift in its energy levels due to the produce more efficient quantum circuits.



To perform a gate such as the CNOT outlined above wg]
must be able to control the interaction between our two gubit
so that we can effectively switch it off for the duration oth (7
single qubit manipulations. For the case of excitonic gybit
coupled via the Forster mechanism, the most sensible W?Qﬁ
to proceed is to consider two initially non-resonant quantu
dots with negligible energy transfer. Single qubit openasi [9]
can then be achieved with external laser pulses by inducing
Rabi oscillations within each dot [33]. As each dot will have [;q,
different excitation energy, we may address them indiviglua
by choosing the appropriate frequency. Two periods of free
evolution under the interaction Hamiltonidn143) are alee r
quired, therefore, we propose that applying a suitablycsete [12]
detuned pulse to both non-resonant dots will bring them into
resonance via the optical Stark effect [34]. We then alloyy?,]
resonant energy transfer to occur for a time= 7/(2Vr)
producing an iISWAP operation. The detuned pulse is then
stopped and single qubit manipulations may be induced %@
before. We speculate that this all optical approach may have
the potential to allow gates to be performed well within th&5]
limits set by the nanosecond dephasing times experimgntall
observed. [16]

Fig.[A(b) provides a nice visualisation of the whole process
We must non-adiabatically switch between the two regimes Efn
zero field, where the dots are effectively uncoupled, and the
resonant point where the dots interact. It is our hope thiat ti8l
is achievable through the optical Stark effect, and catmra
of its feasibility are ongoing. [19]

To summarise, we have analytically calculated the magné—
tude of the Forster energy transfer between a pair of gen H1]
guantum dots and investigated its effect on their energy
level structure. We have proposed a simple experiment which

: : ' . . 2]
provides a signature of the interaction and an estimatesof [ﬁ
strength, and we have also discussed its possible applicati
to quantum information processing.
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